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Abstract. We consider spacetimes with compact Gauchy hypersur- 
faces and with Ricci tensor bounded from below on the set of timelike 
unit vectors, and prove that the results known for spacetimes satisfying 
the timelike convergence condition, namely, foliation by GMG hyper- 
surfacos, are also valid in the present situation, if corresponding further 
assumptions are satisfied. 

In addition we show that the volume of any sequence of spacelike 
hypcrsurfaccs, which run into the future singularity, decays to zero 
provided there exists a time function covering a future end, such that 
the level hypcrsurfaccs have non-negative mean curvature and decaying 
volume. 
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1. Introduction 

Let A'^ be a (rt + l)-diniensional spacetime with a compact Cauchy hyper- 
surface, so that N is topologically a product, N ~ / x 5o, where So is a 
compact Riemannian manifold and / ~ (a, 6) an interval. The metric in N 
can then be expressed in the form 

(1.1) ds^ = e^^'>'{-{dx°f + a,j{x°,x)dx'dx^); 

x'^ is the time function and (a;*) are local coordinates for Sq. 
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If N satisfies a future mean curvature barrier condition and the timelike 
convergence condition, then a future end = [qq, b) can be fohated by con- 
stant mean curvature (CMC) spacehke hypcrsurfaccs and the mean curvature 
of the leaves can be used as a new time function, cf. 130. Moreover, one 
of Hawking's singularity results implies that N is future timclikc incomplete 
with finite Lorentzian diameter for the future end. 

In this paper we want to extend these results to the case when the Ricci 
tensor is only bounded from below on the set of timelike unit vectors 

(1.2) Rapi'°'iy'^ >~A V (i/, ly) = -1 

for some A > 0, and in addition, we want to show that the volume of the 
CMC leaves decays to zero, if the future singularity is approached. 

Our results can be summarized in 

1.1. Theorem. Suppose that in a future end of N the Ricci tensor 
satisfies the estimate H1.2|l . and suppose that a future mean curvature barrier 
exists, cf. Definition \2.Sl then a slightly smaller future end -/V_|- can be foliated 
by CMC spacelike hypcrsurfaccs, and there exists a smooth time function x'^ 
such that the slices 

(1.3) Mr = {x" = r}. To < r < oo, 

have mean curvature t for some tq > %/ uA. The precise value of tq depends 
on the mean curvature of a lower barrier. 

1.2. Theorem. Suppose that a future end N-^- ~ [ag, 6) of N can be covered 
by a time function such that the mean curvature of the slices Mt = {x" = 
t} is non-negative and the volume of Mt decays to zero 

(1.4) lim|Aft| = 0, 

then the volume \Mk\ of any sequence of spacelike achronal^ hypcrsurfaccs 
Mk that approach h, i.e., 

(1.5) liminfa;° = 5, 

k Mk 

decays to zero. Thus, in case the additional conditions of Theorem are 
also satisfied, the volume of the CMC hypcrsurfaccs Mt converges to zero 

(1.6) lim|M^|=0. 

T — ^OO 

N is also future timelike incomplete, if there is a compact spacelike hyper- 
surface M with mean curvature H satisfying 

(1.7) H>Ho>V^, 
due to a result in 

subset M G N is said to bo achronal, if any timolike piocewiso C^-curve intersects 
M at most once. 
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2. NOTATIONS AND DEFINITIONS 

The main objective of this section is to state the equations of GaufS. Co- 
dazzi, and Weingarten for space-Hke hypersurfaces M in a (n+l)-dimen- 
sional Lorentzian manifold N . Geometric quantities in N will be denoted 
by [gap), {Raf3'ys), stc, and those in M by {gij), (Rijki), etc. Greek indices 
range from to n and Latin from 1 to n; the summation convention is always 
used. Generic coordinate systems in N resp. M will be denoted by {x") 
resp. (^*). Covariant differentiation will simply be indicated by indices, only 
in case of possible ambiguity they will be preceded by a semicolon, i.e., for a 
function u in A'', (it„) will be the gradient and (mq/j) the Hessian, but e.g., the 
covariant derivative of the curvature tensor will be abbreviated by Rai3jS;e- 
We also point out that 

(2.1) Ral3iS;i = Rapi&;eXl 

with obvious generalizations to other quantities. 

Let M be a spacelike hypersurface, i.e., the induced metric is Riemannian, 
with a differentiable normal v which is timelike. 

In local coordinates, (x") and [C): the geometric quantities of the spacelike 
hypersurface M are connected through the following equations 

(2.2) x% = h,,v" 

the so-called Gaufl formula. Here, and also in the sequel, a covariant deriva- 
tive is always a full tensor, i.e., 



(2.3) x^j—Xjj r^jXf. + Fp^x^xlj . 

The comma indicates ordinary partial derivatives. 

In this implicit definition the second fundamental form {hij) is taken with 
respect to v. 

The second equation is the Weingarten equation 

(2.4) < = h'lxt, 

where we remember that is a full tensor. 
Finally, we have the Codazzi equation 

(2.5) hij-k ~ hik-j = Rap^s'^°'x'^x]xi 
and the Gaufl equation 

(2.6) Rijki = -{Kkhji - hahjk} + RaPfSxfx'^ x^xf . 

Now, let us assume that is a globally hyperbolic Lorentzian manifold 
with a compact Cauchy surface. N is then a topological product R x iSq, 
where Sq is a compact Riemannian manifold, and there exists a Gaussian 
coordinate system (x"), such that the metric in N has the form 

(2.7) ds% = e^'f'i-dx^^ + (a;°, x)dx'dx^, 
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where is a Rieniannian metric, ^ a function on N, and x an abbreviation 
for the spacehke components (x'), see ^1 p. 212], ^ p. 252], and [3 
Section 6]. We also assume that the coordinate system is future oriented, 
i.e., the time coordinate increases on future directed curves. Hence, the 
contravariant timelike vector (^") = (1,0, ... ,0) is future directed as is its 
covariant version (^q,) = e'^'^{—l, 0, . . . , 0). 

Let M — graph u I be a spacelike hypersurface 

(2.8) M = {{x°,x): x° = u{x), X €So}, 
then the induced metric has the form 

(2.9) 5y =e2'^{-M,Uj +CTy} 

where o-y is evaluated at {u,x), and its inverse (t?*^) = {gij)~^ can be ex- 
pressed as 

(2.10) =e-2V'{^*.7 + ^!^}^ 
where (cr*-') = {o'ij)~'^ and 



U = (T ■' Ui 

(2.11) , 

^l-a'^u,Uj = l-\Du\\ 

Hence, graphw is spacelike if and only if \Du\ < 1. 

The covariant form of a normal vector of a graph looks like 

(2.12) {i^^)^±v-^e^il,-u,). 
and the contravariant version is 

(2.13) (i.") = T«-ie-'/'(l,K^). 
Thus, we have 

2.1. Remark. Let M be spacelike graph in a future oriented coordinate 
system. Then, the contravariant future directed normal vector has the form 

(2.14) (i^") =i;-ie-'^(l,uO 
and the past directed 

(2.15) {i'"') = -v-^e-''^il,u'). 

In the GauB formula (|2.2|) we are free to choose the future or past directed 
normal, but we stipulate that we always use the past directed normal for 
reasons that we have explained in ^ Section 2]. 

Look at the component a = in (|2.2() and obtain in view of H2.15|l 

(2.16) e"'^z;"^/iy = -Uy - r^QU,Uj - F^jU, - P^.^Uj - r°. 
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Here, the covariant derivatives are taken with respect to the induced metric 
of A/, and 

(2.17) -ro. = e-'^/i,,, 

where (hij) is the second fundamental form of the hypersurfaces {a;*^ = const}. 
An easy calculation shows 

(2.18) hije'"^ = - '<i^^ij, 
where the dot indicates differentiation with respect to . 

Finally, let us define what we mean by a future mean curvature barrier. 

2.2. Definition. Let be a globally hyperbolic spacetime with compact 
Cauchy hypersurface Sq so that N can be written as a topological product 
iV = R X 5o and its metric expressed as 

(2.19) = e2'/'(-(dx°)2 + CTy(x°, x)dx'dx^). 

Here, is a globally defined future directed time function and (a;*) arc local 
coordinates for Sq. N is said to have a future mean curvature barrier resp. 
past mean curvature barrier^ if there are sequences M'^^ resp. A/^T of closed 
spacelike achronal hypersurfaces such that 

(2.20) lim H\ ^ = oo resp. lim H\ — — oo 
and 

(2.21) lim sup inf x° > x°{p) ^peN 
resp. 

(2.22) lim inf sup a;° < x^{p) Vp e N. 

A future mean curvature barrier certainly represents a singularity, at least 
if A^ satisfies (fT^ . because of the future timelike incompleteness, but these 
singularities need not be crushing, cf. [3 Introduction]. 

3. Proof of Theorem 1 1.1 1 

Let us start with some simple but very useful observations: If, for a given 
coordinate system (x"), the metric has the form Hl.l|l . then the coordinate 
slices M [t) = {x" = t} can be looked at as a solution of the evolution problem 



(3.1) i = -e^i/, 

where v — {v") is the past directed normal vector. The embedding x — x{t, ^) 
is then given as, x = {t,x^), where (x*) are local coordinates for Sq. 

From the equation (|3.1() we can immediately derive evolution equations 
for the geometric quantities gij,hij,i' and H = g^^hij of M{t), cf., e.g., ^ 
Section 3]. 
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To avoid confusion with notations for the geometric quantities of other 
hypersurfaces, we occasionahy denote the induced metric and second funda- 
mental of coordinate shccs by gij,hij and H. Thus, the evolution equations 

(3.2) t^l - -2e^/iy 
and 

(3.3) A= -Z\e'^ + (|A|2+i?„^i."zy'3)g^ 
are valid. 

The last equation is closely related to the derivative of the mean curvature 
operator: Let Mq be a smooth spacclikc hypersurface and consider in a tubu- 
lar neighbourhood U of Mq hypersurfaces M that can be written as graphs 
over Mq, M = graph w, in the corresponding normal Gaussian coordinate 
system. Then the mean curvature of M can be expressed as 

(3.4) H = -Au + H + v~^u'u^h,j, 

cf. equation l)2.16|l . and hence, choosing u — tip, £ C^(Mo), we deduce 

(3.5) de 

= -zi(p+(|A|2 + i?„^z.V^)(p. 

Next we shall prove that CMC hypersurfaces are monotonically ordered, 
if the mean curvatures are sufficiently large. 

3.1. Lemma. Let Mi = graphu;, i = 1,2, be two spacelike hypersurfaces 
such that the resp. mean curvatures Hi satisfy 

(3.6) Hi < H2 

where H2 is constant, H2 = T2, and 

(3.7) V^<T2, 

then there holds 

(3.8) ui < U2- 

Proof. We first observe that the weaker conclusion 

(3.9) ui < U2 

is as good as the strict inequality in (|3.8() . in view of the maximum principle. 
Hence, suppose that (|3.9|l is not valid, so that 

(3.10) E{ui) = { .T G 5o : ^2(2;) < ui{x) } ^ 0. 
Then there exist points pi G Mi such that 

(3.11) < do = d{M2,M{) = d{p2,pi) = sup{ dip, q) : {p, q) G M2 x Mi }, 
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where d is the Lorentzian distance function. Let ip he a maximal geo- 
desic from M2 to Ml reahzing this distance with endpoints p2 and pi, and 
parametrized by arc length. 

Denote by d the Lorentzian distance function to M2, i.e., for p e /+(A/2) 

(3.12) d{p) = sup d{q,p). 

qeAh 

Since tp is maximal, F = { ip{t) : < t < do} contains no focal points of 
M2, cf. ^2 Theorem 34, p. 285], hence there exists an open neighbourhood 
V ~ V(i^) such that d is smooth in V, cf. [Ill Proposition 30], because d is a 
component of the inverse of the normal exponential map of M2. 

Now, A/2 is the level set {d = 0}, and the level sets 

(3.13) M{t) = {peV: d{p) ^t} 

are smooth hypersurfaces; = c? is a time function in V and generates a 
normal Gaussian coordinate system, since {Dd,Dd) = — 1. Thus, the mean 
curvature H{t) of M{t) satisfies the equation 

(3.14) H = |Ap + i?a/3t^"i^^, 
cf. H3.3|) . and therefore we have 

(3.15) iJ> i|5|2-/l>0, 
in view of (|3.7(l . 

Next, consider a tubular neighbourhood U of Mi with corresponding nor- 
mal Gaussian coordinates (x"). The level sets 

(3.16) M{s) = {x" = s}, -e < s < 0, 

lie in the past of Mi = M{0) and are smooth for small e. 

Since the geodesic ip is normal to Mi, it is also normal to M{s) and the 
length of the geodesic segment of (p from M{s) to Mi is exactly —s, i.e., equal 
to the distance from M{s) to Mi, hence we deduce 

(3.17) d{M2,M{s)) ^do + s, 

i.e., { (p{t) : 0<t<do + s}is also a maximal geodesic from M2 to M (s), and 
we conclude further that, for fixed s, the hypersurface M{s) n V is contained 
in the past of M{do + s) and touches M{do + s) in ps = p{do + s). The 
maximum principle then implies 

(3-18) i?|,,,^,(p.)>i/|„<,„,,,(p.)>r2, 
in view of (|3.15() . 

On the other hand, the mean curvature of M{s) converges to the mean 
curvature of Mi, if s tends to zero, hence we conclude 

(3.19) Hiiipido)) > T2, 

contradicting H3.6|l . □ 
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As an immediate conclusion we obtain 

3.2. Corollary. The CMC hypersurfaces with mean curvature 

(3.20) T > 

are uniquely determined. 

Proof. Let Mi = graph u,;, i = 1, 2, be two hypersurfaces with mean curvature 
T and suppose, e.g., that 

(3.21) {x£So:ui{x)<U2{x)}^(l}. 

Consider a tubular neighbourhood of Mi with a corresponding future oriented 
normal Gaussian coordinate system (.t"). Then the evolution of the mean 
curvature of the coordinate slices satisfies 

(3.22) H =\A\^ + Rc^pv'^vf^ > i |i? p - yl > 

in a neighbourhood of A/i, i.e., the coordinate slices M{t) ~ {x^ ~ t}, with 
i > 0, have all mean curvature H{t) > t. Using now Mi and M{t), t > 0, as 
barriers, we infer that for any r' G R, r < r' < H{t), there exists a spacelike 
hypersurface M^' with mean curvature r', such that M^' can be expressed 
as a graph over Mi, Mr' ~ graph w, where 

(3.23) 0<u<t. 

For a proof see |3| Section 6]; a different more transparent proof of this 
result has been given in |5]. 

Writing Mr' as graph over Sq in the original coordinate system without 
changing the notation for u, wc obtain 

(3.24) ui < u, 

and, by choosing t small enough, we may also conclude that 

(3.25) E{u):^{xeSo:u{x)<U2ix)} ^11), 

which is impossible, in view of the preceding result. □ 

3.3. Lemma. Under the assumptions of Theorem \l.U let Mr^ = graph Wt-^ 
be a CMC hypersurface with mean curvature tq > ^/nA, then the future of 
Mr„ can be foliated by CMC hypersurfaces 

(3.26) I^{Mro)= U Mr. 

Tq<T<CO 

The Mr can be written as graphs over Sq 

(3.27) = graphit(T, •), 

such that u is strictly monotone increasing with respect to t, and continuous 
in [to, cxd) X iSq. 
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Proof. The monotonicity and continuity of u follows from Lemma 13.11 and 
Corollary 13.21 in view of the a priori estimates. 

Thus, it remains to verify the relation H3.26|l . Let p = (t, y') G I~^{Mro), 
then we have to show p S Mt for some t > tq. 

In [3 Theorem 6.3] it is proved that there exists a family of CMC hyper- 
surfaces Mt 

(3.28) {Mr-. To <T <oo}, 

if there is a future mean curvature barrier. 
Define u(r, •) by 

(3.29) = graphit(T, •), 
then we have 

(3.30) uiTo,y) <t<u{T*,y) 

for some large r*, because of the mean curvature barrier condition, which, 
together with Lemma [3. II implies that the CMC hypersurfaces run into the 
future singularity, if r goes to infinity. 

In view of the continuity of u{-,y) we conclude that there exists ri > tq 
such that 

(3.31) u{Ti,y)=t, 

hence p G . □ 



3.4. Remark. The continuity and monotonicity of u holds in any coordi- 
nate system (x"), even in those that do not cover the future completely like 
the normal Gaussian coordinates associated with a spacelike hypersurface, 
which are defined in a tubular neighbourhood. 

The proof of Theorem 11.11 is now almost finished. The remaining argu- 
ments are identical to those in [S| Section 2] , but for the convenience of the 
reader, we shall briefly summarize the main steps. 

We have to show that the mean curvature parameter t can be used as a 
time function in {tq < r < oo}, i.e., r should be smooth with a non-vanishing 
gradient. Both properties are local properties. 

First step: Fix an arbitrary r' G (to,oo), and consider a tubular neigh- 
bourhood U of = Mt-' ■ The Mr C U can then be written as graphs over 
M', Mr = graph u(t, •). For small e > we have 

(3.32) MrCU V T e (r' - e, t' + e) 

and with the help of the implicit function theorem we shall show that u is 
smooth. Indeed, define the operator G 



(3.33) 
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where H{ip) is an abbreviation for the mean curvature of graph . Then 
G is smooth and from (|3.5|) we deduce that D2G{t' , 0)(p equals 

(3.34) -A<f+{\\Af+Rc,pi^"iy'^)ip, 

where the Laplacian, the second fundamental form and the normal correspond 
to M'. Hence D2G{t' , 0) is an isomorphism and the implicit function theorem 
implies that u is smooth. 

Second step: Still in the tubular neighbourhood of M' , define the coordi- 
nate transformation 

(3.35) ${t,x') = {uiT,x'),x'); 
note that x^ = m(t, a;'). Then we have 

Oil 

(3.36) det D<P= — =u. 

OT 

u is non-negative; if it were strictly positive, then would be a diffeomor- 
phism, and hence r would be smooth with non- vanishing gradient. A proof, 
that u > 0, is given in [HI Lemma 2.2], but let us give a simpler proof: The 
CMC hypersurfaccs in U satisfy an equation 

(3.37) H{u) = T, 

where the left hand-side can be expressed as in (|3.4(l . Differentiating both 
sides with respect to t and evaluating for t = t', i.e., on A/', where u{t',-) = 
0, we get 

(3.38) -Au + {\A\'^ + Rat3iy"iy'^)u = l. 

In a point, where u attains its minimum, the maximum principle implies 

(3.39) {\A\^ + Rapiy"i^^)u>l, 
hence u 7^ and u is therefore strictly positive. 

4. Proof of Theorem 11.21 

Let x*^ be time function satisfying the assumptions of Theorem 11.21 i.e., 
= {flg < x'^ < b}, the mean curvature of the slices M{t) = {x''* = t} is 
non-negative, and 

(4.1) lim|M(i)|=0, 

t—^b 

and let Mk be a sequence of spacelike hypersurfaces such that 

(4.2) liminfa;° = 6. 

Mfc 

Let us write Mk = graph as graphs over Sq. Then 

(4.3) g^j = e^''^{uiUj + (Tijiu, x)) 

is the induced metric, where we dropped the index k for better readability, 
and the volume element of Mk has the form 



(4.4) dfi = det((7ij(M, x)) dx, 
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where 

(4.5) = 1 - a'-^UiUj < 1, 

and {gij{t, •)) is the metric of the shces M{t). 
From (|3.2|l we deduce 



(4.6) _^det(g,,(<, •)) = -e"^ H^det{g,,) < 0. 

Now, let ao < t < 6 be fixed, then for a.e. k we have 

(4.7) t < Uk 
and hence 

m\ = 



v^dct{gij{uk,x))dx 
^dct{g,jit,x)dx = |M(t)|, 



(4.8) 

< 

'So 

in view of (|4.5(l . H4.6|l and H4.7|l . and we conclude 

(4.9) limsup|Affc| < |M(t)| Vao < t < b, 
and thus 

(4.10) lim|A/fe| = 0. 
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